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A model of fermion-antifermion scattering, mediated by pseudoscalar neutral bosons, is described by the 
corresponding spinorial Bethe-Salpeter equation in the ladder approximation. The decomposition of the 
equation into partial waves by means of fusion amplitudes and conventional spherical harmonics is discussed 
in detail; various important symmetries of the resulting kernel and Born amplitudes are pointed out. The 
resulting set of coupled equations is continued into the complex angular momentum (J) plane, and it is shown 
that Fredholm theory is inapplicable for any / . The equations are solved in a weak coupling, low-energy 
limit by an iterative scheme. The resulting solutions exhibit a cut of the square-root type extending along the 
real axis to G/2ir (G = coupling constant) in the right-hand plane; other cuts and poles prevent the extension 
of our solutions into the left-hand / plane. The dominance of the cut is used to extract the large momentum 
transfer limit and obtain certain results for the high-energy limit in the cross channel. The total cross 
section for fermion-antifermion annihilation is extracted by means of the optical theorem and is found to 
exhibit an energy dependence of the form ^G/2,r>-1[ln/]~3/2, where t is the cm. energy squared. 

1. INTRODUCTION AND SUMMARY 

IN the present paper we wish to examine the ana-
lyticity in the complex angular momentum (/) of 

the Bethe-Salpeter amplitude in the ladder approxi
mation.1 The case of two scalar particles scattering via 
exchange of a scalar particle has been previously 
investigated2; we shall consider here the scattering of a 
spinor particle and its antiparticle (for the sake of 
convenience, we shall call them "nucleon" and "anti-
nucleon" of mass m) exchanging pseudoscalar bosons3 

("pion" of mass ju). 
Aside from the intrinsic interest in the Regge poles 

that might be associated with the "nucleonium" states 
and resonances, the analyticity in the complex angular 
momentum of the ladder amplitude will tell us about 
the high-energy behavior of the nucleon-antinucleon 
annihilation into multiple pions in a model schemati
cally summarized in Fig. 1. To elaborate, the leading 
singularity that lies to the rightmost in the complex 
J plane will control the high-energy behavior of the 
nucleon-antinucleon scattering in the crossed channel 
[Fig. 1(b)] and the imaginary part of the crossed 
amplitude at zero_ momentum transfer gives the cross 
section for the NN annihilation into multiple bosons.4 

The partial wave Bethe-Salpeter equation for two 
spinor particles is highly singular, so that the method 
used in Ref. 2 is no longer applicable. In fact, the 
kernel of the integral equation is not square integrable, 
and the usual Fredholm theory5 has nothing to say 
about the nature of the solutions to this equation. 
(See Appendix II.) We shall show, however, that, for 
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1 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951); 

G. C. Wick, ibid. 96, 1124 (1952). 
2 B. W. Lee and R. F. Sawyer, Phys. Rev. 127, 2266 (1962). 
3 We do not pretend that our consideration is based on anything 

but a model. 
4 D. Amati, A. Stanghellini, and S. Fubini, Nuovo Cimento 24, 

896 (1962). 
8 For instance, F. Smithies, Integral Equations (Cambridge 

University Press, Cambridge, England, 1958). 

\E\<^m (2E—\/s is the total cm. energy of the 
system) and in the weak coupling limit, the iterative 
solution converges to the right of the line Re /=0 , 
excluding a small region around J—0; the most singular 
parts (near the region around J"=0) of the iterative 
series is summed by the technique developed by 
Sawyer6 and continued into the region. We find that, 
for \E\<&nt, the amplitude is analytic in / in the 
half-plane R e / > 0 except for a cut along the real / 
axis and embedded within the region. 

The high-energy behavior of the scattering amplitude 
in the crossed channel is therefore controlled by this 
"Regge cut" and goes as (t is the total cm. energy 
squared in the crossed channel) 

(-0-/[>(-0]w , 
characteristic of a Regge cut of the square root type.6'7 

Bjorken and Wu,8 and Sawyer6 have shown several 
examples in which the leading singularities in the 
complex J" plane are cuts. These cases correspond, more 
or less, to the r~2 type potential in nonrelativistic 
scattering. In our case, the Regge cut arises from the 
spin effect: In the nonrelativistic limit the interaction 

FIG. 1. (a) The ladder 
diagrams in the s chan
nel. (b) The annihila
tion-recreation scatter
ing diagrams in the 
crossed channel, (c) NN 
annihilation into me
sons. 
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FIG. 2. The kinematics of NN scat
tering in the s channel. 
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we consider includes singular potentials, such as spin-
orbit coupling and tensor forces, which are at least as 
singular as the r~2 potential. 

In the next section we decompose the Bethe-Salpeter 
equation into partial waves. The method used is very 
similar to that of Gourdin,9 but differs from his in that 
we expand the amplitude in the usual spherical har
monics rather than in the hyper spherical harmonics. 
Our method here is closely related to that used in Ref. 
2 and provides an unambiguous and direct way of 
extending the equation to complex values of / . 

In Sec. 3 we decouple the various integral equations 
by continuing them in the angular momentum near 
7 = 0 . The resulting equations are solved by iteration. 
Several differences between our work and that of 
Sawyer are pointed out. Section 4 is concerned with 
obtaining a relation between the fusion amplitudes of 
Gourdin and the helicity amplitudes of Jacob and 
Wick.10'11 These are, in turn, related to a set of ampli
tudes on which can be performed the Sommerfeld-
Watson transformation11,12 In Sec. 5 we relate the 
amplitudes of Sec. 4 to a set of invariant amplitudes 
suitable for continuing into the crossed channel; and in 
Sec. 6 we examine the high-energy behavior in this 
channel. We obtain both a differential cross section 
for forward scattering, and a total cross section for 
nucleon-antinucleon annihilation. The Appendixes con
tain several useful mathematical formulas and certain 
pertinent mathematical results. 

2. PARTIAL-WAVE BETHE-SALPETER 
EQUATION 

We consider the scattering of a nucleon-antinucleon 
system in the s channel where the scattering occurs 
only through the exchange of neutral pseudoscalar 
mesons. We take the ps coupling between the mesons 
and nucleons. The momenta of the initial and final 
particles are defined as shown in Fig. 2. In the ladder 
approximation,13 the transition amplitude R may be 

9 M. Gourdin, thesis, Universite de Paris, 1958 (unpublished); 
Nuovo Cimento 7, 338 (1958); Ann. Phys. (Paris) 4, 641 (1959). 

10 M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959). 
11 M. L. Goldberger, M. T. Grisaru, S. W. MacDowell, and 

D. Y. Wong, Phys. Rev. 120, 2250 (1960). 
12 V. B. Berestetsky, Phys. Letters 3, 175 (1963). 
13 We point out here that we are neglecting annihilation dia

grams in the s channel. The inclusion of them might well alter 
our results, but would also lead to great mathematical difficulties. 

written as 

R=-
1 m 

-^Xi '(q)75^X l X 2(q,p)75^~x2 ' (q) , (1) 
(2TT)3 E 

where Xi, X2, Xi', \<L denote the helicities of the initial 
and final nucleons, and antinucleons, respectively. The 
amplitude SFXlX2(q,p) is related to the Bethe-Salpeter 
(BS) amplitude by 

^XlX2(q,p)==^XlXa(q, q0=0) 

and TrXlX2(^) satisfies the BS equation9-14 

70= (0 _ ° ) , r = ( _ £ 0) > y^~l{\ 0) • 

iG2 r d4k y(k+E)+m 

(2TYJ [{k-q)2--ix
2~][(k+E)2-rn2~] 

7- {k—E)-\-m-
XY5* X l X 2 (£ )Y5- - , (2) 

[ ( & - £ ) 2 - m 2 ] 

where 2E=\Zs=2(p2Jrm2)112 is the total c m . energy 
of the system, and the zeroth component of q, qo, is 
the so-called relative energy.1 The Born term ^B is 
given by 

m wXl(p)iLx2(q) 
^XiX 2 (g) = _ 2iriG2-~ . (3) 

E {p-q)2-n2 

Following the method described by Gourdin,9 we 
decompose ^ into four 2X2 Pauli spaces: 

- C i(5+r)+i(V+D)-a, *(£+C)+i(F+G)-a> 
s(B-0+i(F-G)-«r, i(5+r)+i(v-U)-w> 

(4) 
Substituting ^ into the BS equation, we find the 
following set of coupled integral equations for S, T, etc.: 

S=SB+K{(m2+kQ
2-E2--k2)S-2mkoT 

+ 2 E k - F - 2 w k - G } , 

T=TB+K{- (m2+k0
2-E2+k2)T 

+2ntk0S-2kok.G}, 

V= \B+K{ (m2+k0
2-E2+k2)\-2mhV 

-2k(k'\)+2EkB-2mkC-2ikokX¥}, 

\]=\]B+K{-(m2+h2-E2-k2)V+2mkQY 

- 2 k ( k - U ) - 2 ^ 0 k C - 2 i w k X F + 2 ^ 0 k X G } , (5) 

B = BB+K{(m2+E2-ko2+k2)B-2mEC-2Ek'Y}7 

C=CB+K{-(m2+E2-kQ
2-k2)C+2mEB 

-2mk-V+2&ok-U}, 

¥=FB+K{(m2+E2-k2~ko2)¥-2mEG-2EkS 
+ 2 k ( k - F ) + 2 ^ 0 k X V - 2 i w k X U } , 

G = GB+K{- (m2+Ei-ko2+k2)G+2mE¥ 
+2k(k-G)-2nikS+2kokT-2iEkXV}, 

14 We use the metric goo=—ga = l (i = 1,2,3), and the 7 
matrices. 
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where K stands for the operation 

-iG2 

K{S} = 

X 

(2TT)4 

/ 
#kS 

l{k-q)2-lx
2J_{k+E)2-m2Ji{k-E)2-m2'] 

Next we decompose the above equations by expand
ing the various fusion amplitudes in spherical har
monics. 

J,M 

V = E {Vj,M+±J,J+l,M-{-Vj,M0lYj,J,M 
J,M 

+ VJ,M~YJ,J-I,M} , '' * , (6) 

where the YJLM are the vector spherical harmonics 
discussed by Edmonds.15 The z axis is taken to be the 
direction of the incident momentum. Several relations 
which are very useful for performing this reduction are 
listed in Appendix I. Furthermore, the boson propa
gator can be expanded as 

1 2TT 
= E FiiM*(Qx)Fj,if(ofl)eiCy), 

{k—qf—y2 qk I,M 

where 
y= [k2+q2+u?- (ko-q0)

21/2kq, 

and Qj(y) is the Legendre function of the second kind. 
We find that the resulting set of coupled equations 

can be written in the form 

iG2 r 

(2TT)3<7 i j 

kdkdkoMH
J(q'k)y/(k) 

(2ir)dq i J [(k+E)2-M2l£(k-E)2-tn2~] 

(7) 

where ^f/ stands for the column matrix Sj, Tj, • • •, 
Vj+, Vj~~, Mij is a 16X16 matrix which is written in 
block diagonal form in terms of two 8X8 matrices 
Ma\ M(2). Corresponding to M(1) we have the column 
matrix 

{SJ,TJ,VAUAFJ+,FJ-,GJ+,GJ-} 

and to M(2) 

{BJ,CJ,FAGAVJ+,VJ-,UJ+,UJ-} . 

The elements of the matrices Ma) and Mm are tabu
lated in Table I. 

One ought to note at this point that the coupled set 
of equations represented by Table I is valid for 7 > 1 . 
In the next section we shall continue the equations in 
J down to J close to zero. However, the physical 
solution for J=0 cannot be obtained from the above 

15 A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, New fersey, 1957), p. 81. 

set, but rather comes from the set obtained by setting 

The breakup of the integral equation into two disjoint 
parts is a direct consequence of parity conservation. 
Equation (2) is invariant under the parity operation (P: 

¥(q ,?o) - * (P{^ (q,go)} = 7 o ^ ( ~ q,?o)Yo. (8) 

Hence, if we write ^(q) as a linear combination of 
amplitudes which are even and odd under the operation 
(P, we see that the two parts are decoupled. Substituting 
Eq. (6) into Eq. (4) and performing the operation 
indicated in Eq. (8), we find that the first eight ^ / s , 
Sj, Tj, • • •, Gj+, Gf~, belong to the states of parity 
(—1) / + 1 (singlet states and triplet states with J=L), 
while the rest belong to the states of parity (— 1)J 

(two linear combinations of triplet states with L=J=tl 
for each / ) . 

We next compute the Born terms ^ B L These terms, 
which depend on the initial helicity states, can be 
formed from a consideration of the outer product of 
two spinors. 

^,x1x2=^x1(p)®^-x2(p) 

* X i 

w[2Xtf/(E+f»)]XXl> \ 2 w / \ [ 2 X i * / ( E + w ) ] X x 1 / \ 

2A2£XX2t\ 

E—m / 
(9) 

w(p)> v(v) satisfy the equations (y-p—m)u(p)=(yp 
+m)v(p) = 0. Also o-3Xx=2XXx. For a discussion of the 
proper combinations of spinors to be used consult Ref. 
10 or 11. The outer product XXlXX2t can be written as a 
sum of Pauli matrices according to the values of Xi, X2: 

2Xi, 2X2 

1 , - 1 
- 1 , 1 
- 1 , - 1 (10) 

Then, using the fact that 

m/ 2w 

pq 

m/ 2w 
^ x i x , = _27r*G 2 - ( E Qi(y) 

E\ pa i,m 

X 
/2 /+1V/ 2 \ 
( j FZO(0,)5MOJ$X1X2 (11) 

and the relations given in Appendix I, one can read off 
the terms of S1>BXIX2. The results are summarized in 
Table II . 

Again we point out that the J—0 Born terms are 
obtained by setting ()j_i(;y) = 0, as well as 7 = 0 . Since 
we shall not need to consider these 7 = 0 terms, we drop 
any further mention of them. The Born terms as 
written can be continued to within an e of J=0. 

One should note from Table I I that if we form the 
singlet and triplet combinations of the eight amplitudes 
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TABLE II. The Born term *BI for the various initial helicities. 

+*,+* +*,• 2> T 2 

SJM/QJ 

TJM/QJ 

VJMVQJ 

UJMVQJ 

FJM+/QJ+I 

FJM~/QJ-I 

GJM+/QJ+I 

GJM~/QJ-I 

BJM/QJ 

CJM/QJ 

FJMVQJ 

GJMVQJ 

VJM+/QJ+I 

VJM-/Qj-i 

UJMVQJ+I 

UJM~/QJ-I 

iG 2 (2x) 2 /2 /+ l \ 1 / 2 , 

"~2M~\M) 8M° 

- iG 2 (27r ) 2 w//+l \ 1 /2 
2Eq ~p\r^r) 8MO 

+iG*(2ir)*m/J\w 
2Eq -p\&) 8MO 

+»(2x ) 2 / 2 /+ l \ 1 / 2
s 

—^TV^r) 5-° 
+*G2(2x)2m/2/-f-lY /2s 

2^ iv^sr) M0 

2Eq \^r) 8M0 

+ » ( 2 T T ) 2 / / \ 1 / 2 

2Eq {&) dM0 

+ 

+ 

+ 

+ 

4-^ 2 (27r) 2 /2 /+l 
2Eq 

+JG2(2TT)2 

2E$ 

&M 1 

± 

~2*r\&) SMI 

+i&(27r)>/J+iy\ 

-«G2(27r)2«j/2/+l\1« 
2Eq 

-iG2(21i)Y2/+l\"\ 

m&dVto W* 2Eq 
-*'G2(27r)y/+iy / 2

g 

2Eq \~4^J 8MI 

-\-8M-I 

-\~8M-I 

-\~SM-I 

-\~8M-I 

+821/-1 

+<5JW-I 

+5M~I 

+ 5 M - I 

associated with the space parity (—1) /+1, we find the 
following grouping of terms: 

Singlet: (VB 
,1/2,1/2. _^-i/2,-i/2) BJ,CJ,VJ+9VJ-; 

Triplet: (^1/2,-1/2-^-1/2,1/2) F J 0 J Gj0f UJ+J Uf-m 

The BS equation (2) is invariant under the spin 
exchange operation: 

^(go)->2J{^(g0)} = - 7 2 ^ r ( - g o ) 7 » . (12) 

We decompose B, C, etc., into parts even under qo—> 
— g0: e-#, eC, etc., and parts odd under qo—^—qo: °B, 
°C, etc.; we then apply the operation of Eq. (12) to 
Eq. (6) and separate the terms that are even and odd 
under 2 . The result is 

Singlet (odd under 2 ) : 

•Bj, eCj, «Vj±; °FA °Gj°, °Uj±\ 

Triplet (even under 2 ) : 

'F/, *GA *Uj±\ °Bj, °Cj, °Vj±. 

Since the Born term is necessarily even under g0 —> ~qo, 
16 J. M. Jauch and F. Rohrlich, The Theory of Photons and 

Electrons (Addison-Wesley Publishing Company, Cambridge, 
Massachusetts, 1955), p. 275. 

the results in the last paragraph follow also from the 
invariance under spin exchange (charge conjugation 
X parity).16 The implication of spin-exchange invariance 
should perhaps be stressed: In the matrix M(2\ the 
amplitudes Bj, Cj, Vj± are coupled to Fj°, Gj°, V'j± 
through elements that are odd under q0—» — q0y 

ko—>— ko (Table I). The spin-exchange invariance 
does not imply that the odd elements of M(2) do not 
contribute, as Gourdin states,9 but it simply states 
that even Bj, Cj, V j ^ are coupled to odd Fj°, Gj°, Vj^ 
and vice versa. The fact that the Born terms are even 
does not alter this conclusion, nor does the fact that 
odd amplitudes vanish on the mass shell (#0=0). As 
an illustration, consider the iterative scheme starting 
with the even Born terms. There will be generated 
odd second-order terms which vanish on the mass 
shell, but which will contribute to even third-order 
terms which do not vanish on the mass shell. 

The Born terms and the elements of the kernel Mij 
exhibit a number of factors that contain kinematical 
branch points at 7 = 0 , —J, and — 1 . However, it is 
possible to remove these singular factors from the 
integral equations and the Born terms by a suitable 
redefinition of amplitudes to leave only poles at / = 0 , 

file://-/-8m-i
file://-/~8m-i
file://-/~Sm-i
file://-/~8m-i
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—§, — 1, and all negative integers. Hence, these branch 
points need not be considered. The proper choice of 
amplitudes that are free of kinematical cuts is 

Case I : XiX2=i, i or — f, — \ 

(Sj,Tj,Bj,Cj)=(2J+iyi*(S'j,T'j,B'j,C'j), 

(Fj+yGj+,Vj+,Uj+)=(J+l)W(F'j+,G'j\V'j+,U'j+), 

(Fj-,Gr, Vr,Uj-)= (JY'KF'r, G'r, V'r, U'r), 

/J+i\1/2 

(FAGAVAU/)=(2J+l)w( J 

X(F'J>,G'WJ>,U'J>); 
-\ or i i 

"2? 2 

/ J vw 
(SJ,TJ,BJ,CJ)=(2J+1) 

x(5V, r^v ,cv) , 
(FA,GA,VA,UA) = (JYHF'AG'J+,V'J+,U'J+) , 
(Fj- G,-, 7 j - Uj-)= (J+ir*(F'j-y G'r, Vr, vfr), 

(FAG A VA UA) = (2J+ i)i/» (F'A&A V'A U'J°) . 
We shall continue to use S, T, etc., while keeping in 
mind the possibility of going to the primed set. 

3. COMPLEX ANGULAR MOMENTUM 

The integral equation (7) can be extended to complex 
values of J by simply adopting the usual definition of 
Qj for complex J. I t must again be stressed that the 
equation thus extended is not the physical one for J*=0. 
Attempts at applying the method of Ref. 2 are met 
with frustration, owing to the fact that the kernel is 
not square integrable (see Appendix I I ) ; while succes
sive iterated kernels exist, their traces do not. I t has 
been sometimes asserted17 that no solution exists to 
this equation because of this singular nature of the 
kernel. Obviously this is an erroneous conclusion. What 
is true, however, is that the kernel is not square inte

grable and, therefore, the Fredholm alternative need 
not hold5; that is to say that, considered as a function 
of the coupling constant, the poles of the T matrix 
may not have a correspondence with the existence of a 
bound-state solution. 

However, it is not too difficult to see that for \E\<M 
and R e J > 0 , the successive Born approximations are 
well defined, and for sufficiently small coupling constant 
the series is convergent,18 except for the fact that as J 
is continued to near zero, certain of the terms become 
singular and integrals diverge. These are the elements 
containing Qj-i(y) which goes as J~l as /—»0. As 
was done by Sawyer under similar circumstances, we 
shall sum the most singular term in every order of 
perturbation theory into a closed form. As an inspection 
of Tables I and I I shows, the most singular amplitudes 
at 7 = 0 are Vf~, Uf~, Gj~, and Ff~ which may be 
coupled among themselves. The other elements are 
coupled to the above singular ones through nonsingular 
elements of the kernel, and will be neglected. 

Throughout the following analysis, we assume the 
weak coupling limit. A further simplification results 
from neglecting all remaining elements of Mi, which 
are explicitly odd in ko. This is justified by noting that 
all the Born terms are even in go, so that the only 
factor preventing the complete vanishing of these terms 
will be proportional to 

& - C 
k2+q>+v?-k0

2-qo2+2kQqo^ 

2kq J 

-Qj-if^ 
k2+q2+n2-k0

2-qo2-2koqo} 

2kq J 

which, by the approximation we shall shortly introduce, 
is proportional to J", and hence less singular. Thus, the 
even character of the Born terms will be preserved in 
each iteration. 

We are, thus, left with the set of equations: 

VjM~=V. 
iG2 f kdkdko(m2+ko2-E2+k2/2J+l)Qj^1(y)VjM-

BJM 

UjM — UBJM 

(2TT)32 J [m2+k2- (h+E)2Jjn2+k2- (& 0-E) 2] 

iG2 r Mkdh(-m2-k^2+E2+k2/2J+\)Qj_l{y)UjM~ iG2 r, 

lirYq J 

FjM —FBJM + 

(27r)3g J lm2+k2- (ko+E)2~][m2+k2- (& 0 -£ ) 2 ] 

iG2 r kdkdk0{(m2+E2-ko2-k2/2J+l)Qj^1FjM~-2mEQj-1GjM-} 

GJM —G, BJM 

G2 rt 

v)zqJ 

f 

(14) 

(2TT)32 J lm2+k2- (h+E)2Xm2+k2- {h~E)2~] 

i& r kdkdh{~(m2+E2-ko2+k2/2J+l)Qj_1GjM-+2mEQj^FjM-} 

(2T)*q [_m2+k2- (k0+E)2Xm2+k2- (h-E)2^\ 
17 As an illustration, consider the integral equation 

4>{po)=ocP-\— / 
T JQ 

dy 
<t>(y), 0 > j 8 > - l . 

/o y+x 
The nth iterated kernel exists, but its trace does not. A class of eigensolutions (solutions to the homogeneous equation) is const#a 

( 0 > a > — 1) with the eigenvalue X = sin7ro;. The solution is ocP sinxj8/(X—sin7r/3). The pole in X depends on the inhomogeneous 
term and there is no one-to-one correspondence between the pole in X of the solution and eigenvalues. 

18 We are being mathematically cavalier at this point. The "epsilonics" could have been worked out, but the result would 
not have been relevant physically nor particularly illuminating mathematically. 
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Next we make the replacement of Qj-i by its leading 
term in inverse powers of y. (See Sawyer6 for a justifi
cation of this and succeeding steps.) 

g J _ x ( y ) = ( 2 y ) - ' ^ r ( 7 ) / r ( J ' + J ) . 

If we replace / by zero wherever possible, we find that 
(2y)~~J cannot be set equal to 1 in the cases where 
the coupling term is quadratic in k or ko, for the 
resulting integrals in the iteration procedure will be 
logarithmically divergent. As a matter of fact, Sawyer 
shows that the integration leads to a factor of J~l in 
those cases. However, the terms coupling Gf~ to Ff~ 
are not quadratically dependent on k, and Qj-i may 
be taken equal to simply J~l. In that case we see that 
the cross terms contribute one less inverse power of / 
than the direct terms, and hence will be neglected. 
Vf~, Uj~, Fj~, and Gj~ are decoupled in this approxi
mation. 

The Born terms may be written in the form 

iG2Qj^(y) 
(VB,UB,FB,GB) = O V ' ' ) 

obtain 

TF+f-qt+l*TJ 

( 7 0 ) . . . ) , 
L Pa J qJL pq 

(15) 

where V0, etc., may contain /-dependent factors. These 
can be removed by going to the primed amplitudes 
defined earlier; and therefore, they are of no conse
quence. The equations are now of the type discussed 
by Sawyer, and we shall only sketch in the solution. 
There are two types of equations here depending on the 
relative sign of k2 and ko2 in the numerator of the kernel. 

Consider first Vf~ and Fj~, where k2, k0
2 have the 

same sign. Since the dominant contribution to the 
integrals comes from large k and ko> the m2 and E2 

factors are not significant, and V differs from F only 
in the sign of the coupling constant. Therefore, a 
solution for V gives one for F with that change. We 
have, after making Wick's rotation of the contour, 
neglecting E2 compared to m2 in the kernel, and letting 
V=V'/q, 

VN'=-
G2 f dkdk0(m

2+k2-ko2) G2 r 

2T)U J (2TT)U J (m2+k2+k0
2)2 

qk 
X r—=—iVv„ (16) 

If we neglect factors odd in k0, set /x2 equal to zero, and 
make a scale transformation (k,ko) = rn2(k',ko'), we 

/ 2G2 \N~l r°° r°° 
V'N~ ( 1 / dkv - -dkN~i I dkio- • -dkN~ 

\ /(2ir)V Jo Jo 

X 
[ \ml \m2 

+£1
2+—+£io2-25 , oh) 

X- - W O l 2 + £ 2
2 + (^10-^20)2)-J-

(1+W+W)* 

X i W ( f c v - i , + — + ^ - i o 2 ) ( - ) —Vo\. (17) 
\ m? I \m] J I 

We next make the substitution k? = Xi,k$=yi = U (1+xi) 
and put q on the mass shell. Then we find that 

2x» 
V'n=-i F0 

2 \/(2,r) : 

/-2&\N 1 

\/(21r)V 22Ar~s m2/ 

/ r00 dti r00 dXi(l+Xi) \ 

\ J o ^ W o fe)1/2(l+^-)1/2/ 

X [ x + ^ i + / i ( l + ^ i ) ] - / -
( l+*i)( l -*i) 

(l+*i)*(l+*i)a 

XCx1+^2+/i(l + Xi) + /2(l + ^2) 

-2(/1/2(l+x1)(l+x2))1/2]-^---

X%N-lJ[XN-l+%+tN-l(l + XN-1)J-J \ , (18) 

where x—p2/m2 = q2/m2. The integrals are well behaved 
at Xi=0 and the dominant contribution will come from 
Xi large. Therefore, xta^(l+Xi), and U may be set 
equal to zero in the terms where it is added to X{. 
Then we obtain the result that19 

- [ • 
(2n-)3 /-2&\N 1 "I 

V'N=\ »To( ) — ~ 

r r™ dt(l-t) -f-^fp^ r 

I Jo tHl+tyi W Jo 

xdxN_1(x+x1)-
j(i+Xly-J(x1+x2y-r(i+x2y-j- • • 

X (l+a*r_i)w (xw_!+x]- J . (19) 

The Xi integral is given by Sawyer6 to be equal to 

2 (2iV-3)! 

J"-1 (N- 2) LV!' 
19 The / integral here and in succeeding equations is the main 

difference between our equations and those of Sawyer (Ref. 6), 
and it is a very critical one. 
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The t integral, however, is found to be zero. Hence, 
we find that Ff~ and Vf~ do not contribute in the 
singular limit considered here due to cancellation 
between the k and k0 integrations. 

For Uf~ we have the equation 

tf'j 
G2 1 

(2TT)* 

1 f 

J J 

X 

(h2+k2-m2) 

\k0
2+k2+m2)2 

qk r — q - — T V , 
Lg»+ft*+/i»+(*0-?0)*J 

(20) 

where U'=U/q. Performing the same operations for 
VN' as for VN', we find 

* 7 i v = - 8 « ( ) — ( — ) / 
\JH2WYJ q W / 

(2iV-3)l 

N\(N-2) !22<^ 

The 2 integral in this case is equal to x. Therefore, we 
have the result that 

[ /2 V=_8x2-
iU0/f\

J 

XJ 

\m2/ 

l \ /2(27r)V 

(2i\T—3)! 

J2{2TT)2/ 22W-V{N-2)\N\ 

The corresponding series may be summed to give 

(22) 

Uj-=-
8wW ( 

\mV L \ 4TTV J 

8 * W 0 
- [ / ( / ) . (23) 

The equation for Gf~ differs from that for Uf~ only 
by the sign of G2, and the corresponding sign of GJQ~. 
Hence, we have 

Gj~= 
STTHGQ/ p' (5)I-K)] 

STTHGQ 

~G(J). (24) 

Putting in Go and Z7o for the four possible cases, we 
finally find the following solutions to our equations20 : 

20 Uf~, Fj~, Gf~, and Vj~~ both in the Born amplitude and in 
general are what Gell-Mann calls "nonsense terms" at J = 0 
[Proceedings of 1962 Annual International Conference on High-
Energy Physics at CERN (CERN, Geneva, 1962)]. 

(25) 

GJM {hih) — GjM (—i, ~~i) 

m /J\112 

= i(27ry — ) G(J)SM.o, 
Ep2WJ 

^ 2 7 r ) 4 / ^ + l \ 1 / 2 

G / i r ( ± i , = F i ) = ) G(J)5M,±i, 
p2 \ 4TT / 

(27r ) 4 / /+ l \ 1 / 2 

[ / ^ - ( ± i ^ ) = - ^ ) U(J)6M.±i. 
Ep \ 4x / 

All other amplitudes are considered to be equal to zero. 

4. HELICITY AMPLITUDES 

We use here the helicity transition amplitudes 
defined by Goldberger et at}1 The connection between 
the fusion amplitudes and the helicity states can be 
obtained from the cross sections calculated with each 
of them. The result is 

(21) {XiVMX^H-
m 

-Uii' (q)Y5*XlX2Y5*>-x2' ( q ) , (26) 
2(2TT)2 

where the final momentum q=^(sin0,O,cos0). After a 
bit of algebra we find that 

(11101X1X2) 

(4TT> 

( i~ l | 0 |XiX 2 ) 

1 

p r E m 
5X1X2 JgXiX2_] £«XiX2 

:7r)2L * p 

+ — (^VXlX2-£Fxix2+wGXlX2) 
P 

(27) 

(4TT) 
-lpTXl^+mBXlX2—£CXlX2 

- ( e i ' - ^ V ) • (^UXlX2+EGxix2-wFxix2)] ? 

where we have taken e'i and er2 to be two unit vectors 
orthogonal to q. Following Goldberger,11 we define 

*i=<HI*IH>=-E/(2/+i)*iJ<*of/(«), 
2p 

1 
**=<H 1*1-*-*>=— zZA2J+i)^d0o

J(fi), 
2p 

*.= <4-il*li-i>=-Zj(2/+i)*, j rrfu J(<?), 
2p 

*4=<i- lk | -H>=—Zj(2/+l)0/dLn J ( t f ) , 
2p 

*B=<HI*l*-i>=— E/(2/+i)«.jrrfio/(»). 
2p 

(28) 

file:///JH2wYJ
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The <j>iJ can be calculated in terms of the fusion 
amplitudes by the formulas of Appendix IC. The final 
results are, putting in Eq. (25) for Gf~ and Uj~, 

m2 7 
biJ=-iT G(J), 

2pE2J+l 

0 / = 0 / , 

03" J— 
Irp E n 
- \ - U ( J ) + - G ( J ) , 
-1LE p J 

iir 7 + 1 r p 
- i 

2 27+lL .E p (29) 

%-K 7 + 1 r p E ~] 
frj= -U(J)- --G(J) , 

2 2 7 + 1 L E p J 

ir[J(J+l)Ji2m 
05 J— . 

2 J+l 
~G(J)-

We define another set of transition amplitudes 
corresponding to transitions between singlet states or 
among the various triplet states by the equations 

and 

fnJ = <t>iJ+'t>2J, faJ=*<t>»J+<lnJ, 

/ 1 2 / = 2 0 5 / , 

(30) 

/ l = £ ( f c - f c ) , / 3=£ l 
/ 4>3 
— 

Vl+2 

<2>4 \ 

/ 03 04 \ 

h=E{4>i+H), fi=m—+—), 
\l+Z 1 — 0/ 

(31) 

/ . = -
— 2m 

sm0 

where s=cos0. The /» have a convenient partial-wave 
expansion in terms of Legendre polynomials.12 This is 

/ i = — £ ( 2 / + l ) / 0 ' P . r ( s ) , 
2̂ >^=o 

2^ J-O 

£ - ( 2 / + 1 ) 
/8 = — E - { / l J C ^ / ^ ) ] , ~ / 2 2 ^ / , ( ^ ) } , 

2pj-ij(j+i) 

E - (27+1) 
(32) 

/ 6 

2 # J - * J ( / + 1 ) 

w oc (27+1) 

2 # / - i [ / ( / + l ) ] 1 / * 
WP'M. 

The primes on the TV indicate differentiation. The / / 
may now be written, by means of the Sommerfeld-

Watson transformation,12 as an integral over the angular 
momentum. The contour may be opened up in the 
usual manner and pushed to within an € of R e 7 = 0 , 
except that we must take into account any singularities 
of the partial-wave amplitudes; these will be the 
singularities of the 0 / , which by inspection of Eq. 
(29) are seen to be cuts running from —G/2ir to G/2w 
and from —iG/2ir to iG/2ir. Thus, our contour becomes 
that indicated in Fig. 3, where the dashed line refers 
to the original contour and the solid line is the opened 
contour. 

I t should be pointed out that the contour, before 
deformation, starts at 7 = 1 , even for /1 and ji. We 
isolate the 7 = 0 contributions to these amplitudes since 
our derived results are not valid at that point. In as 
much as we ultimately are going to look at the large z 
limits (Sec. 5), the contribution of these 7 = 0 terms 
may be neglected since they are independent of z. The 
domain of analyticity in the complex 7 plane is seen 
to be all 7 with R e 7 > 0 , except for a cut along the 
real axis extending to J=G/2w. This cut, being the 
singularity furthest to the right, will give the dominant 
contribution to the high z behavior. If the discontinuity 

FIG. 3. Integration contours in the 
complex / plane for the/*. 1 2 3 4 

across the cut is represented by AfoJ=f0
J+—foJ~, etc., 

the leading behavior of the /*• will be given by the 
integrals 

E rG^2J+\ 
- I 

4:ipJe 

E r 

4ipJe 

-E r 

4apJe 

sin7r7 

G^2J+1 

sin7r7 

• P , ( - s ) A / o ' , 

• P , ( - * ) A / i i J , 

E rG^ 2 7 + 1 [_-zP'j(-z)J 

4dpJe 7 ( 7 + 1 ) sin7r7 
A* 22 , (33) 

U 
-E /•«** 2 / + 1 l-zP'j(-z)J 

•-[ 
m r 

4dpJt 

7 ( 7 + 1 ) sin7r7 

* 2 7 + 1 P'j(-z) 

[ 7 ( 7 + 1 ) ] 1 ' 2 sin7r7 

-Aft', 

-A/i2 J . 

Only the term proportional to [zPr j]f is retained in / 3 

and fi since the leading term of P" j is down by a 
factor of z and we desire only the asymptotic depend
ence. The discontinuities in the partial-wave amplitudes 
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are found to be 

A / o J = 0 , 

A. R . S W I F T A N D B . W. L E E 

m2 J 
A / n J = - 2 x — / ( / ) , 

Ep 2 J+l 

E J+l 
A / 2 / = - 2 „ / ( / ) , 

P 2/+1 
(34) 

A / / = 0 , 

A / i / = - 2 x 
mLJ(S+Dl ,1/2 

-/(-/), 

where 
E 2 J+l 

f(J) = (^/m2) / (G2/4TT2 ~ J2)1/2. 

Then, letting Pj(-z)=(-z)J, P'j(-z) = J(-z)J-\ 
[-zPfj(-z)J(-z)J = J2(-z)J-1, and using the result 
of Appendix III , we get the results 

/ i = 0 , /»=o, 
im% G*(-t/m?)GI!iT im? iE2 

/ 2 = — • = — 4 , / 4 = — 4 . 
4 ^ [ln(-i/OT2)]8 /2 4/>2 2* 

(35) 

/»=-
2/ 

- 4 , 

where 2 J has been taken equal to one. Hereafter, since 
no confusion can arise, we will assume all energies to 
be measured in terms of the nucleon mass, and take 
m2=l. 

5. INVARIANT AMPLITUDES 

In the case of nucleon-antinucleon scattering one 
can show on the basis of parity, charge conjugation, 
and time reversal invariance that five amplitudes are 
sufficient to describe the scattering process. We define 
a transition matrix T/i in such a way that20 

Tfi= ua^
f (q)vrM(v)Ma^8eUBM(p)ve-^(p) 

= 47rE<\iV|<?MXiA2>, (36) 
where 

Ma{3;dez=ai(>ad?>0c + a2[yad ' KSflt + BaW (3e ' P~] 

+a37«s • Kyp€ • P+a4Y«85Y/*e5 

+^5T«r57T5 • Ky&(T • Pya,h, (37) 

where P=^(p+pf) and K=%(k+k'). By computing 
T/i explicitly for the five helicity combinations involved 
in the fa, we may relate the ai to the 4>i in the center-
of-mass system. The spinors used earlier in relating the 
fusion amplitude to the fa are to be used again here. 

A tedious calculation leads to the following relations: 

4TT£0I= l~al+2(E2+p2)a2~ (E2+p2)2az 

- 4 £ 2 £ 2 a 5 ] K l + cos0), 

4TTE0 2 = [_E2a1-2E2a2+E2az-p
2a^{l-co^), 

4wEfa= [_-a1+2(E2+p2)a2~ (E2+p2)2az 

+ 4 £ 2 £ V ] H l + c o s 0 ) , (38) 

^Efa^[_-E2a1+2E2a2-E
2az-p

2a^{l--co?>e), 

4 7 T £ 0 5 = [Eal-2E*a2+E(E2+p2)a^($mB). 

If one expresses the fa in terms of the fi, and uses 
the fact that / i and f% are zero, one can easily solve for 
the a,i in terms of the /». We neglect one compared to z, 
and E compared to one to simplify matters, (p2 — — 1) 

= -(7r/2£2)^4+-+2EV5V 

^(T/2FJ)^+-+4E*fbY 
(39) 

a 3 = ( 7 r / 2 £ 2 ) ( 4 £ 2 / 5 - / 2 A - / 4 ) , 

a4=27r(/4— fi/z), 

a 5 = - ( 7 r / 2 £ 2 ) ( / 4 - / 2 A ) . 

Putting in the values of the fi, we obtain (z~l = 2p2/t 
a n d s = 4 £ 2 ) 

# i= — (iir/st)A , a 3 = — (in/si)A , 

a2= (iir/st)A , a4= — (iic/t)A, (40) 

#5= (iir/st)A. 

6. HIGH-ENERGY BEHAVIOR IN THE 
CROSSED CHANNEL 

We are now able to calculate the high-energy contri
bution of the annihilation-creation process to the 
differential cross section in the forward direction 
(small s). 

da 1 1 
= \Tfi\2, 

dQ, (2TT)2 t 

where a sum over initial and average over final spin 
states is implied. This gives, by a standard trace 
calculation, 

t 
-{W+±\a2\*+\ai\*+\a<\*+s>\ah\ 

dQ 16(2TT)2 

+2(ai*a2+a2*a1)+ (#i% 3+a 3*ai)+2 (#2*03+03*02)}. 

or, using Eq. (40) and putting in A from Eq. (35), 

da/dQ = G (0cGr/7r)-V32 (lnOs. (41) 

This cross section, while interesting in the manner in 
which it exhibits the effect of the Regge cut, has little 
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meaning in itself since the meson exchange diagrams 
would be expected to dominate at high energies. 
However, we can obtain the total cross section for 
nucleon-antinucleon annihilation at high energies by 
the use of the optical theorem. Specifically, we find by 
a comparison of iVth-order terms that 

<rann= -27r2(i L ImRt(s = 0)), (42) 
MM 

where Rt(s=0) is the R matrix in the / channel in the 
forward direction (s=0) with Xi = Ai', X2=X2'. Rt is 
given by 

4 
Rl= Tfi. 

(2T)H 

By means of another simple trace calculation we find 

£jR«($=0) = 
xix2 (2TT) 2 

• [01+202+03+04] . 

Putting in the values of the a,i from Eq. (40), and 
letting — 1 = e~i7r we see that 

-iG1/2e-iG/2(t)G/2ir 

£JK«( j=0) = — . (43) 
xix2 2TT / [ln/-^?r]3 / 2 

Under our convention in the use of factors of i, the 
ImR referred to above is actually half the discontinuity 
of R across the cut going from t=0 to 00. The contri
bution from the denominator is neglected since it is 
down by a factor of [ In/ ] - 1 . Hence, we have the results 

1 r G n3/2 

I m £ t f = — (0G/2T 

4wLlnU 
and 

Trr G y 

8Lln/J 
G/2TT-1 (44) 

We have shown an example of the occurrence of a 
"Regge cut" in field theory in this paper. The argument 
presented is valid only in the weak coupling limit, and 
it is quite possible that in a strong coupling, the leading 
singularity in the J plane is a pole in the model con
sidered. In fact, even the weak coupling results might 
be considerably altered by considering diagrams with 
crossed meson lines or nucleon annihilation in addition 
to the ladder diagrams used. Interference effects could 
lead to a cancellation of the cut and leave a Regge pole 
as the rightmost singularity. However, the mathematics 
is then prohibitive. 

We have considered quantum electrodynamics with 
photons of finite mass. The result is very similar to 
the ps—ps theory considered here21; in the limit as the 
photon mass goes to zero, our result, however, loses its 

21 A. R. Swift and B. W. Lee (unpublished). 

validity, since the approximation22 used in Sec. 3 holds 
good only for finite boson mass fx. In quantum electro
dynamics, the electron positron annihilation into n 
photons is dominated by the process in which two 
energetic photons and n~2 soft photons are produced.23 

The approximation made in Sec. 3 is valid only for 
/z^O, and precludes the soft-photon contributions in 
the limit JJL —> 0. 
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APPENDIX I 

A. Relations with Vector Spherical Harmonics 

Let q be a unit vector in the 6, <j> direction, and we 
have24 

\2J+lJ 
( J \1 / 2 

+ J YJJ-1M, (Al) 
\ 2 / + l / 

q'YjjM = 0, 

$-YJJ+IM= — ( ) YJM, 

i-T JJ-1M-

\ 2 / + l / 

V 2 / + 1 / 

(A2) 

. / J \1 / 2 

\2j+y 

4XYjjM=i 

^27+1 

\2J+lJ 

J \w 

(A3) 

gXYjJ-LM = j( ) YJJM, 

1A2/+1/ IJJ+1M 

/J+l\W 

+ (• 
X 2 / + 1 

V Y 1 (A4) 

22 The approximation 
r ( /+i ) 

where 
r ( /+ | ) 

y = [k*+k'*+M?+ {ko-k'Qy~]/2kk' 
is valid for large y. I t becomes a bad one when y—> 1. This 
happens only when k = k'—> 00 for ju^O; but happens for all 
values of k —k' for yu=0. 

23 S. N. Gupta, Phys. Rev. 98, 1502 (1955); D. R. Yennie, 
S. C. Frautschi, and H. Suura, Ann. Phys. (N.Y.) 13, 379 (1961); 
J. Joseph, Phys. Rev. 103, 481 (1956); K. G. Mahanthappa, 
thesis, Harvard University, 1961 (unpublished). 

24 A. Akhiezer and V. B. Berestetsky, Quantum Electrodynamics 
(Technical Information Service Extension, Oak Ridge, Tennessee, 
1953), Part I, p. 32. 
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B. Further Relations with Vector 
Spherical Harmonics 

Choosing eo, ei, and e2 to belong to an external 
coordinate system, we easily obtain the following 
relations from the basic definition of the YJLM'* 

/ Z + l \ 1 / 2 

so that 

(e ' i—ie ' 2 ) • YjLjif 

\2L+1 i) 
2J+ U1'2 

= E CLI ( / , M;M-q, q)( dM-qo
Jdlq'(-l) 

i \ 4x / 

/27 + lY 
= ( - 1 )*A£C M ( / , 1 ; 01)<*uW J (A10) 

/ L V /2Y 

(e1+ie2)YLQ--
/L+2\W 

\2L+l) 

2L+1 

Ylrf 1 Li 

(A5) 

+YLL1-( ) Y 
\2L+lJ 

/L+2\V2 

(A6) 

The last step is a consequence of the addition theorem25 

for the dmn
J functions and the orthonormality of the 

Clebsch-Gordan coefficients. 

APPENDIX II 

Integrability of the Bethe-Salpeter Kernel 

Taking a representative kernel from our integral 
equations to be proportional to k2 and Qj(y), we 
consider the following integral 

\2L+lJ 

+ YLL-1+I I YL-IL-1* 

\2L+lJ 

C. The dmn
J(fi) Functions 

/ 
(A7) 

dkidk2dk0ldko21K | 

X-

/
dkiodk2o j 

-oo J 0 

dk±dk2 

ki2ki 

Using Eq. (A2) and the relation YJM(0,<l>=0) 
= [(2/+l)/47r]1/2dMoJ(0) we see immediately that 

£• Y, ,_ 1 0 = (J/4*yi*dooJ(e), (A8) 

a - Y j j - i i ^ W ^ ^ i o ^ W . (A9) 

Furthermore, we can express e\—ie'2, as defined just 
below Eq. (27), in the form 

C^i2+^io2+^2]2C^22+^2o2+^2]2 

^l2+^22+(^10-^20)2+M2M2 

XQj 
2k\k2 ) • 

By inspection, one can easily see that the most divergent 
part of the integral will come from the region where k\ 
and k2 are both large; otherwise Qj(y) will provide 
sufficient damping to insure the convergence of the 
integral, m2 can be set equal to one by a scale transfor
mation on the ki and kio; n2 can be neglected. If we 
make the change of variables, kiQ=ti(l+Xi)112 and 
ki2 = Xi, we find the result that the integral becomes 

J —c 

dt\dt2 

(l+tf)2(l+/2
2)2 

r / i+x i \ 1 / 2 / i+# 2 \ 1 / 2 

/ dxidx2[ ) ( ) -
Jo \ X! / \ x2 / ( 

x2 

(1+tfi)2 (l+x2)
2 

/^1+^2+/l2(l + X1) + /2
2(l + ^)-2/ 1 / 2 ( l + ^)1/2(l + ^)1/2Vi2 

x\Qj 
2 (xix2) 1/2 

In the limit of large Xi, we can let Xi=l-\-Xi. Then, if diverge logarithmically. Thus, we see that our kernel 
is not square integrable, independent on the value of J; 
therefore, there is no region of the complex / plane in 

x2—\xh we obtain the integral in the form 

dhdt2 r°° r xid%i r°° c 

(l+h2)2(l+h2y 

X 

fdxJ 
Jo Jo 

o [ l+*i] [ l+X*i] 

/l+X+/1
2+X/2

2-2^2v /Xv I2 

2VX 

which Fredholm theory would be applicable. 

APPENDIX III 

We calculate the asymptotic value of the integral 
arising in Eq. (35) in the following fashion. Consider 

The Xi integral can easily be done and is found to 25 Ref. 15, p. 61. 
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the integral Then we find 

/

a /lay12 rab f 

dxe^iat+x2)1!*, / = =v ) / dyey(ab~y)1/2=:[ 
where a<£\, b —> oo. Let y=bx, and (a+x)1/2 = (2a)112. where in the last step we let ab—> oo. 

P H Y S I C A L R E V I E W V O L U M E 1 3 1 , N U M B E R 4 15 A U G U S T 1 9 6 3 

Divergence and Summability of the Many-Fermion Perturbation Series* 

GEORGE A. BAKER, JR. 

Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received 1 April 1963) 

We investigate the convergence of the many-fermion perturbation series and show, for the case of the 
square-well potential, that it is a divergent series. We bound the rate of divergence and show that, by using 
appropriate summation procedures, it may be summed to the physically correct sum, provided the density 
is low enough. 

T 
1. INTRODUCTION 

HERE is a widely held view1 that the many-
fermion perturbation theory as currently for

mulated is ^sufficiently established on theoretical 
grounds." The purpose of this paper is to question that 
view. For the sake of explicitness we will consider a 
system of spinless fermions interacting via a square-
well potential. We first establish, in the second section, 
that the radius of convergence for the ground-state 
energy of the A -̂body system (at fixed density) tends 
to zero as N tends to infinity at least as fast as N~~y, 
where y is any positive number less than §. This result 
implies that the perturbation series is, at best, an 
asymptotic one. 

In the third section we consider the complete pertur
bation series and bound every order. We find that it 
diverges no faster than a geometrical series times (n]), 
where n is the order of the term. We also give an argu
ment based on the BCS theory of superconductivity 
that, in general, the series diverges at least this fast. In 
the final section we consider the problem of assigning 
a meaning to the sum of the series and show, provided 
the density is low enough (small compared to the jam
ming density for hard spheres), that it may be summed, 
even though divergent, to the lim^^oo^iv(F), where 
EN(V) is the energy per particle for a potential of real, 
positive strength V in the Af-body problem. We advance 
some arguments to support the conjecture that the 
methods we present give the physically correct sum in 
general when the physical system has no long-range 
order. 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 See, for instance, H. A. Bethe, B. H. Brandow, and A. G. 
Petschek, Phys. Rev. 129, 225 (1963). 

2. THE DIVERGENCE OF THE PERTURBATION 
SERIES 

In this section we shall establish that the many-body 
perturbation series is, at best, an asymptotic series and 
not a convergent one, and estimate approximately the 
angular region in which it is asymptotic. The first 
important point is, that as the number of particles N 
tends to infinity, each order in the Rayleigh-Schrodinger 
perturbation series for E/N, energy per particle, tends 
to a finite limit. This was first asserted by Brueckner2 

and later proved by Goldstone.3 The second important 
point, which we will discuss below, is that in the limit 
as N tends to infinity there occur branch points in the 
energy which move to the origin of the complex poten
tial V plane. 

The analysis of Cooper4 for a simple model without 
kinetic energy may not be germane as it seems that he 
proves that the energy expansion has zero radius (or 
infinite in special cases) of convergence even for two 
particles in a box. This result is not appropriate to 
ordinary perturbation theory with a kinetic energy 
present. 

In order to investigate the many-body problem with a 
square-well interaction, we shall first investigate the 
problem of a particle in a spherical box with a square-
well potential of strength V near the origin. The 
potential is 

V, 0<r<a, 
0, a<r<a+b, 

+ 00, a+b<r. 
(2.1) 

2 K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955). See also H. A. Bethe, ibid. 103,1353 (1956) for an extensive 
list of references. 

3 J. Goldstone,'Proc. Roy. Soc. (London) A239, 267 (1957). 
4 L. N. Cooper, Phys. Rev. 122, 1021 (1961). 


